The current approach of a system of two bodies that interact through a gravitational force goes beyond the familiar expositions [1] [2] [3] and derives some interesting features and laws that are overlooked. A new expression for the angular momentum of a system in terms of the angular momenta of its parts is deduced. It is shown that the characteristics of the relative motion depend on the system's total mass, whereas the characteristics of the individual motions depend on the masses of the two bodies. The reduced energy and angular momentum densities are constants of motion that do not depend on the distribution of the total mass between the two bodies; whereas the energy may vary in absolute value from an infinitesimal to a maximum value which occurs when the two bodies are of equal masses. In correspondence with infinite possible ways to describe the absolute rotational positioning of a two body system, an infinite set of Laplace-Runge-Lenz vectors (LRL) are constructed, all fixing a unique orientation of the orbit relative to the fixed stars. The common expression of LRV vector is an approximation of the actual one. The conditions for nested and intersecting individual orbits of the two bodies are specified. As far as we know, and apart from the law of periods, the laws of equivalent orbits concerning their associated periods, areal velocities, angular velocities, velocities, energies, as well as, the law of total angular momentum, were never considered before.
Introduction
A simple approach of the two-body problem based on equivalent characterization of an orbit reveals some interesting new features that either were overlooked in the existing expositions [1] [2] [3] , or did not appear at all. The relative motion can be characterized by a set of constants of motion in which the individual masses appear only through their sum. The conditions for various types of nesting or intersecting elliptic orbits of the individual gravitating particles are determined in a transparent way. Equivalent orbits, which by definition have the same semi-latus rectum and eccentricity, are realizable for different total masses provided the associated relative velocities are proportional to the square root of the total mass.
The origin of LVL vector [4] [5] [6] [7] [8] [9] is highlighted through extracting from the eccentricity, which is a function in the energy and angular momentum reduced densities, and infinite set of vectors each of which provides the same information about the orbit. In passing, we mention that the LRL vector has an interesting history extending for more than three centuries [4, 10, 11, [13] [14] [15] [16] [17] [18] , but because it was not well-known by physicists, it was rediscovered a number of times.
We finally derive a set of laws for equivalent orbits that relate their relative velocities, periods, areal velocities, and energies to the corresponding total mass. As far as we know, apart from the law of periods, these laws were not stated before.
In a subsequent work we show that the Galileo's simple observations concerning the free fall cannot be ele
Basics of Two-Body Central Force Problem
Consider a closed system of two particles of masses interacting through a force that depends only on the separating distance r. We take our inertial frame the center of mass frame S and denote the relative position vector of with respect to by and the Newton's second law of motion 12 , and . r r f r    f f I I r r (2.10)
The relative momentum is defined by 1 
The work done by the internal forces on the particles when displaced by respectively is
The central force is derivable from the potential
, (2.14) and hence
is conserved at its initial value 0 L . It follows that the constant vector 0 L is always perpendicular to , and hence, both particles move in a plane through CM and perpendicular to 0 r .
L
Employing polar coordinates   , r  in the plane of motion with is the polar axis and is its unit vector, the equations of the relative motion (2.9) take the form where   denotes differentiation with respect to time.
, which is a constant of motion. The available constants of motion:
express the conservation of the total energy E and the angular momentum
k respectively, where k is a unit vector perpendicular to the plane of motion. Copyright © 2013 SciRes. AM
Motion under a Gravitational Force
For the gravitational force
where G is the gravitational constant, the relative acceleration is, by (2.9),
At an explicit discrepancy with Galileo's law of free fall, which asserts that the acceleration of a freely falling particle in a gravitational field is independent of its mass, the latter form shows that the relative acceleration depends on the sum of the masses of the gravitating particles. Equations (3.1), in which the masses of the particles appear only through their sum, show that all characteristics of the relative orbit do not depend on how the total mass is divided between the two particles. However, the absolute acceleration of a particle, or its acceleration in the frame of the center of mass depends only on the other particle's mass as it is evident from (2.5) and (3.1). Indeed,
Here, the constants of motion (2.18) take the forms
where we set in (2.18),
quantities  and h represent the energy and angular momentum of the system per unit reduced mass; they will be called the reduced energy and angular momentum densities respectively. The orbit of the system is determined by a well-known method [1] [2] [3] [4] 
where p  is a constant of integration that depends on the choice of the polar axis (i.e. the zero of ;  it has nothing to do with the zero of time), and , and it is also the polar angle of the radius vector 1 with the polar axis , r Cx r Cx which is directly opposite to the axis . Cx Assuming 1 e  , the latter two relations show that each particle traces out an ellipse with the same eccentricity but with different semi-latus rectums, and the particles are radially opposite to each other with respect to one focus. In other words, each radius vector makes the same angle  with the polar axis of the corresponding trajectory, with the polar axes of the two trajectories are directly opposite to each other. The two ellipses have one common focus at the center of mass, while the other foci are on two opposite sides on the polar axis x Cx  (Figure 3) . The case of is drawn in (Figure 4) . Because they have the same eccentricity e, the orbits of the system and its components (i.e. and ) are the same type of conic sections. By (3.10ii) the orbit's type is determined by the quantity
The knowledge of the relative orbit and the mass of each particle determines the orbit of each particle in S by (3.7). Conversely, if the trajectory of each particle is known in S, the system's trajectory is determined by . 
Intersection of the Particles' Orbits
We determine here a necessary and sufficient condition for the intersection of the orbits of the two particles in the center of mass' frame S. We distinguish the following cases 1) If (5.4) holds the two orbits interest at two points:
This applies to all types of orbits, bound or unbound. Since the value prescribed for e by the last equation is less than 1, tangential orbits can occur only in bound motion.
5) When the inequality (5.3) holds strictly (i.e. with (>)) there exist two intersections specified by (5.5) (Figures 4 and 7) .
In the special case   This persists for one dominant mass and many minor lighter masses whose mutual interactions can be neglected in comparison with the magnitude of their interaction with the dominant mass. In this case the orbit of each minor particle does not intersect the orbit of the dominant mass. An example of this is the solar system.
Orbit's Characterization
For simplicity we assume that the polar axis is chosen to pass through the perihelion, and hence 0
The orbit is then determined in the plane of motion by a set of two parameters   , , P e which can also refer to any orbit in any plane of motion. i.e., we may look on one orbit as a representative of a class of equivalence of orbits, with two orbits are equivalent if they have the same eccentricity and semi-latus rectum. It is clear that the elements of the class of orbits   , P e result from one orbit through rotation, inversion, or translation. The latter fact follows from the homogeneity of the space with respect to any closed system and hence its isotropy [19] .
Equivalent Characterization: At an arbitrary point of the system's trajectory, both components of the relative ,
Assuming that the motion is in the positive sense and solving for and h  we get
The characterization   
given by (6.3) and (6.4). The latter correspondences can also be obtained on noting that the Jacobian determinant in each case is not zero for the allowed range of variables.
Excluding the pair   is sufficient as any of the pairs (6.6) to determine the orbit. Moreover, given a pair the remaining pairs are determined uniquely.
Any trajectory   , P e can be realized by p r given by (6.4i) and   can change the orbit from bound to unbound or vise-versa. This applies also to changing the mass of one body while keeping the other fixed.
Kepler's Third Law:
The period  of a bound motion is derived as usual [1] [2] [3] where a is the length of the semi-major axis of the ellipse.
The Laplace-Runge-Lenz Vector
The solutions of the equation of motion (3.1) contain six arbitrary constants which are determined by the initial conditions
Since any constant of motion 1 is a function of the coordinates and velocities, there can be no more than five functionally independent constants of motion [20] , because if there were six of them then the solution of the six equations  Thus we need to fix five parameters, or initial conditions, to realize one specific orbit; the sixth initial condition corresponds to a zero radial component of the relative velocity at the perihelion. In our previous treatment, an orbit   p , are necessary to determine the orbit. To set up the link between the three parameters necessary to determine an orbit and the constants of motion we revert to the 1-1 correspondences (6.6) which are valid for a fixed M. Because of these correspondences, the same one-parameter family of orbits 
Comparing the latter two expressions we obtain
which means that the vector field
defined on every orbit, is constant on each orbit; it is called the LRL vector. Another LRL vector can be obtained from the inverse square law (3.1):
which shows that the vector field
is also a constant of motion. 
Taking the inner product of A and v, we obtain , GMr     v A (7.8) which shows that the vector A is perpendicular to the velocity (and to the orbit) only at the perihelion. The length of LRL vector,
depends on the system's energy and angular momentum reduced densities. By the first equality in (6.2), A G M e  (7.10)
The vector A which is constant on an orbit has the same value it takes at the perihelion of that orbit: (7.14) which is a surface of revolution spanned by all orbits   , e P that have the same perihelion vector p I ; it is an ellipsoid of revolution if , a paraboloid of revolution if 1 e  1 e  , and a hyperboloid of revolution if If h is known, the orbit is determined by the intersection of the surface (7.14) and the plane of motion. Thus the constants of motion h and A determine a unique orbit 
Conclusion
The approach followed in this work revealed features of the two-body problem that neither were highlighted in earlier expositions, nor appeared at all. Indeed, it was shown that the characteristics of the system's motion depend on its total mass, while those of the individual motions depend on the individual masses. The possible energies associated with equivalent orbits with the same mass vary in absolute value from an infinitesimal to a maximum value although the reduced energy and angular momentum densities are the same. The types of intersection or nesting of individual orbits were presented in a simple and a transparent manner. Corresponding to the infinite possible referential ways of specifying the absolute rotational positioning of a two-body system, an infinite set of LRL vectors can be constructed, all fixing a unique orientation of the orbit with respect to the remote universe. The commonly used LRL vector is an approximation of one of the vectors derived in our approach. As far as we know, and apart from the law of periods, the laws of equivalent orbits we have derived, which included the laws of periods, areal velocities, angular velocities, velocities, total angular momentum, were never considered before. The latter laws, together with other features of the two-body motion contradicting the general relativistic description will be the subject of a forthcoming work.
